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ABSTRACT 

Quantum mechanical expressions f o r  t he  r e l a x a t i o n  t i m e  and 

shear  v i s c o s i t y  have been derived by Mueller f o r  a gas c o n s i s t i n g  

of loaded sphere  molecules. These express ions  are expanded i n  
I 

i . e .  i n  t h e  s t r o n g  c power s e r i e s  i n  5% where x =  
r - 3 G 7 ’  

quantum region .  The c o e f f i c i e n t s  of t he  f i r s t  four terms f o r  

t h e  r e c i p r o c a l  of t h e  r e l a x a t i o n  t i m e  a r e  eva lua ted  numerical ly .  

* This  r e s e a r c h  was supported by t h e  fol lowing g r a n t :  
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion  Grant NsG-275-62. 



SECTION I 

INTRODUCTION 

Quantum mechanical expressions f o r  t he  r e c i p r o c a l  of the  r e l a x a t i o n  . 
t i m e  and shear  v i s c o s i t y  (and other  t r a n s p o r t  c o e f f i c i e n t s )  have been 

der ived  by Mueller 1 f o r  a gas cons i s t ing  of loaded sphere  molecules.  

2 I- L a s  power s e r i e s  i n  p- where P 7 These r e su l t s  express  7 and 

i s  t h e  diameter of t h e  molec.ule and 

c e n t e r  of  mass from t h e  geometric c e n t e r .  

c o e f f i c i e n t s  of t h e  zero th ,  f i r s t  and second order  terms have been 

de r ived ,  The r e s u l t s  a r e :  

i s  t he  displacement of the 

Expressions f o r  t he  

and 

1 



2 

where 



3 

b 

(1-6) 



4 

and 

J 

7 

The s e r i e s  development i s  not  e x p l i c i t  i n  E q .  1-2, ( see  E q .  1-5) 

b u t  i s  e x p l i c i t  i n  Sec t ion  IV. 

The phase s h i f t  i s  given by 

( 1- l o )  

where d-( i s  the  propogat ion vec to r .  
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. 

Muel l e r  considered the  c l a s s i c a l  l i m i t  of  Eqs. 1-1 and 1-2. 

The purpose d t h i s  r e p o r t  i s  t o  eva lua te  t h e  s t r o n g  quantum l i m i t  

and develop a series v a l i d  i n  the  s t rong  quantum region .  S p e c i f i c a l l y  

1, 
5srt we cons ider  an expansion of E q s .  1-1 and 1-2  i n  power s e r i e s  i n  

The f i r s t  s t e p  i n  cons ider ing  Eqs. 1-1 and 1 - 2  i s  t h e  eva lua t ion  

a 6- 
of the  sums over 1 and These summations a r e  c a r r i e d  out 

i n  s e c t i o n  11. The next  s t e p  i s  the  r educ t ion  of Eqs. 1-3 through 

1-9 t o  q u a n t i t i e s  involv ing  Bessel func t ions .  This  i s  accomplished 

by express ing  t h e  t r igonometr ic  func t ions  of and t h e  d e r i v a t i v e s  A 
e n t i r e l y  i n  terms of ,& 4 and us ing  Eq. 1-10 f o r  ,& $?> 

O f  4, L 
Once t h i s  i s  accomplished we u s e  t he  e x p l i c i t  express ions  f o r  t h e  

low order  Besse l  func t ions .  This  process  i s  c a r r i e d  out  i n  Sec t ion  111. 

I n  t h e  l a s t  s e c t i o n  w e  sum the appropr i a t e  moments of  t he  c r o s s  

s e c t i o n  over . This  series i n  A i s  t runca ted  a f t e r  t he  

f i r s t  or second term and t h e  terms expanded i n  a power series i n  H8" e 

The i n t e g r a l  i s  then  in t eg ra t ed  termwise t o  g ive  a power s e r i e s  i n  

The r e s u l t  i s  and 1- z as power series i n  
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SECTION I1 

46- -% 

I n  t h i s  s e c t i o n  tk sum over] and ,f i s  c a r r i e d  out  f o r  

. Before e v a l u a t i n g  these  sums s e v e r a l  q u a n t i t i e s  I -4 
1 both 7 and 

a r e  defined. These a r e  

2F 
c/ ”,- A. 2A 

where f i  i s  Planck’s  cons t an t  and ,& i s  t h e  reduced mass of  a 

p a i r  of c o l l i d i n g  molecules a and h ,  t h e  k i n e t i c  energy of r e l a t i v e  

motion 

E =  RL&fz 

t h e  dimensionless q u a n t i t i e s  

where 

2 7 k  

(2 -2)  

(2-5) 
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and 

. 
The bar  above a quantum number or  v a r i a b l e  i n d i c a t e s  t he  va lue  before  

c o l l i s i o n .  The s u p e r s c r i p t  4 or  ,& serves  t o  d i s t i n g u i s h  between 

the  two c o l l i d i n g  molecules.  

Conservation of energy r equ i r e s  t h a t  

I n  t h e  development t h a t  follows i t  i s  more convenient  t o  work wi th  

t h e  v a r i a b l e  

? =  bQr 

r a t h e r  than  

t o  ob ta in  i n  terms of 

We combine t h i s  d e f i n i t i o n  wi th  Eqs. 2-2 and 2-3  

We then de f ine  

s o  t h a t  
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( 2 -  10) 

We now proceed t o  e v a l u a t e  the  sum over 1" and ,/ & 1 .  f o r  

S u b s t i t u t i o n  of Eq. 1 - 3  i n t o  1-1 gives  t h e  fo l lowing:  

(2-11) 

t4-t 

F has  been s u b s t i t u t e d  for  
Y r where - 

Consider t he  q u a n t i t y  

(2- 12) 

which i s  the  f a c t o r  i n  t h e  terms of t h e  sum which depends upon ,f a 

and A c When t h e  sum over 4 a and 1 6- i s  c a r r i e d  ou t  w e  

o b t a i n  o n l y  four non-zero terms because t h e  bracke ted  q u a n t i t y  i s  

z e r o  i n  a l l  bu t  t h e  four c a s e s  l i s t e d  i n  Table 2-1. 
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TABLE 2 - 1  

+1 

-1 

0 

0 

0 

+1 

- 

3/74 / 

c p8 JQ 
T 

0 -1 

It i s  important  t o  no te  t h e  dependence of t h e  i n t e g r a l  i n  Eq. 2-12 

c . The y ,  and -4 - q 4  G 
on t h e  four  quantum numbers // z 

L 

can a l l  be w r i t t e n  i n  terms of  and , and y can be w r i t t e n  

f -8  (Eq. 2-7) .  Thus, t he  only dependence of t he  i n t e g r a l  on the  

1 quantum numbers i s  through )( . The va lues  of X i n  t h e  

four  non-zero c a s e s  are l i s t e d  i n  Table 2-1.  We t h e r e f o r e  de f ine  
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and 

becomes simply 

(2- 14) 

(2-15)  

and E q .  2-11 becomes 

But 

Therefore  
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E x p l i c i t  express ions  for the ,d” are  obtained i n  Sec t ion  I V .  

I 
We now turn t o  the evaluat ion of - Subst i tu t ion  of T 

Eq.  1-5 i n t o  Eq. 1-2 g i v e s  

; (2-19) J 

_ *  . (2-20). 
..- 
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which can  be w r i t t e n  a s  

(2-21) 

6 I -. 
This  i s  an  e x p l i c i t  formulat ion of q as a power ser ies  i n  - 
We f i r s t  consider  t h e  ze ro th  order  term. This  i s  the  quantum 

express ion  fo r  the r i g i d  sphere case ,  which was f i r s t :  obtained by 

Uehling 2 . From Eqs.(2-21)and(2-20), it i s  seen  t h a t  

S u b s t i t u t i o n  of Eq. 1-6  i n t o  Eq. 2-22 g ives  

(2-23) 

The f a c t o r  &yt $/C/'Crequires t h e  i n t e r n a l  quantum number f o r  each 

molecule t o  be t h e  same before  and a f t e r  t h e  c o l l i s i o n .  Thus yS E 
and x= 0 . Therefore  t h e  in tegrand  i s  independent of // --I and y b  

rt G 
f o r  t h e  only t e r m  i n  the  sum over 1 
Hence, w e  can f a c t o r  the  i n t e g r a l  out  of t he  sum over ,/ 

Then, a f t e r  i n t e rchang ing  the  order  of t he  sum over 

i n t e g r a t i o n ,  w e  o b t a i n  

and 1 which i s  not  zero.  
-a 

and 

and t h e  >r 
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. 

But 

( 2 - 2 4 )  

( 2 - 2 5 )  

Thus 

This  r e s u l t  i s  considered further in  sect ion IV. 

We now consider the second order term i n  Eq.  2 - 2 1  

( 2 - 2 7 )  
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We r e w r i t e  t h i s  as 

When w e  sum t h e  f i r s t  term over /-' and 2" w e  aga in  o b t a i n  only one 

non-zero term, because of t he  f a c t o r ,  8 - & + ,  i n  Eq, 1 - 7 ,  t he  

term fo r  which , / =A  and 1 >Ic- I Since , the  i n t e g r a l  

does riot depend upon e i t h e r  A O L  or y" and 

of t he  sum. The f i r s t  t e r m  i n  - I then  becomes 

Af 
(I -4- 6- 

can be f ac to red  out  

'kla 

A s  i n  t h e  J. t e r m  t h e  l a s t  two sums cance l  l eav ing  
'lo 

(2-29) 

Q G When we sum over 1 and, /  i n  t he  second term of E q .  2-28 we 

o b t a i n  only four  terms because the  f i r s t  bracketed q u a n t i t y  i n  

E q s .  1-8, 1-9, and 1-4 i s  zero  except  i n  the  four  cases  l i s t e d  i n  

Table 2-1.  The development from t h i s  p o t n t  i s  analogous t o  t h e  

development of 1. For s i m p l i c i t y  we f a c t o r  the  bracketed term 7 
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o u t  of Eqs. 1-8, 1-9, and 1-4 s o  t h a t  t he  second t e r m  i n  Eq. 2-28 becomes 

. 
P 

where t h e  t i l d a  above a q u a n t i t y  i n d i c a t e s  t h a t  t he  bracketed term 

has  been f ac to red  out  and removed. The f a c t o r  i n  the  terms of the 

sum which depends upon 1 4 and ,/ 6- i s  then  

We now d e f i n e  a q u a n t i t y  analogous t o p  

(2-30) 

(2-31) 

(2-32) 
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and a l s o  de f ine  

(2-33) 

6- 
A f t e r  summing over 1' and 1 t h e  express ion  (2-31)  t hen  becomes 

(2-34J 

be c ome s 1. rr and t h e  second t e r m  i n  

-0,-4 -#LA-& 

-€;e 

( 3 1 ~ ~ c 2 1 ~ + 9  e ( y / c +  96) 
(2-35) Y 7 ? P  

[ p + - * + h e  I' 5@GZ 

A s  i n  t h e  analogous expres s ion  f o r  1 , Eq.  (2-16), t h e  sum reduces 

and we o b t a i n  
7- 

This  r e s u l t ,  t oge the r  w i th  E q .  (2-29)  g ives  

(2-36) 

E x p l i c i t  express ions  f o r  t h e  r y  a r e  obta ined  i n  s e c t i o n  IV. 



SECTION 111 

EVALUATION OF THE CROSS SECTION AND ITS ?"CYJNTS 

The next  s t e p  i n  t h e  evolu t ion  of t h e  t r a n s p o r t  c o e f f i c i e n t s  i s  

t h e  r e d u c t i o n  of Eqs .  1-3 through 1-9 t o  express ions  involv ing  only 

polynomials i n  2 . This  is accomplished by expres s ing  t h e  t r i gono-  

me t r i c  func t ions  of and t h e  d e r i v a t i v e s  of ($ which occur i n  

E q s .  (1-3)  through (1-9)  i n  terms of Besse l  func t ions .  The Bessel 

func t ions  a r e  then  reduced t o  polynomials. 

A 

For example, 

With the a i d  of Eq.  1-10 we then f i n d  t h a t  

g ives  Mu It i p  ly ing  through by - a  
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Simi la r  expressions can be der ived fo r  the  o the r  t r igonometr ic  

func t ions  of q,  and d e r i v a t i v e s  of 

Before w r i t i n g  these  down, however, i t  Is convenient t o  s i m p l i f y  

two t e r m s  which appear f r equen t ly  i n  t h e s e  e x p r e s s i m s *  These terms 

have t h e  genera l  form 

and 

3 The f i r s t  i s  simply Lomme1’s formula 

4 
Using t h i s  equat ion  and t h e  r ecu r rence  r e l a t i o n  

( 3 - 4 )  

F C P  - 
it  i s  easy  t o  d e r i v e  a similar express ion  for< J - J J J - ~ -  J/ JJPd 

( 3 - 5 )  

Therefore ,  the second bracketed term i n  Eq. 3-2  becomes 



and Eq.  3-2 becomes 

S i m i l a r  d e r i v a t i o n s  y i e l d  the  following r e s u l t s  : 
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(3-13)  

(3-15) 



For small va lues  of A the remaining combinations of Besse l  

f u n c t i o n s  can be reduced t o  polynomials r a t h e r  e a s i l y  us ing  Eq. 3-4 

i n  con junc t ion  wi th  t h e  two equations 

However, fo r  l a r g e r  va lues  of A t h i s  process  becomes r a t h e r  

unwieldy. 

5 formulas , 
A s impler  procedure makes use of t he  fo l lowing  two 



T o  f a c i l i t a t e  t h e  w r i t i n g ,  l e t  

and 

s o  

Before adding t h e s e  two equat ions  we no te  t h a t  

and 

22 

SO 
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C l e a r l y ,  t hen  

S imi l a r  equat ions  can be derived f o r  t h e  o the r  q u a n t i t i e s ,  

r e s u l t s  a r e :  

The 

(3-18)  

X f o  
(3-19) 

It i s  thus  p o s s i b l e  t o  express t h e  t r i gonomet r i c  func t ions  of 

simply i n  terms of r a t i o s  of y, q p  and t h e  d e r i v a t i v e s  of 

polynomials.  These func t ions  could then  be  s u b s t i t u t e d  i n t o  equa t ions  

1-3 through 1-9 t o  g ive  t h e  c ros s  s e c t i o n  and the  moments of t h e  

c r o s s  s e c t i o n  i n  terms of polynomials of 2 
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SECTION I V  

I 
I N  POWER S E R I E S  AND NUMERICAL CALCULATIONS OF - I I 

3 7 EXPANSION OF 7 AND 

I n  t h i s  s e c t i o n  w e  t ransform E q s .  2-18, 2-26,  and 2-37 t o  forms 

which may be eva lua ted  numerical ly .  The above equat ions  a r e  considered 

i n  order .  

To eva lua te  Eq. 2-18 w e  need an express ion  fo r  A)) . Hence we 

From E q s .  3-15 and 3-17 need an  express ion  f o r  ,4($3) 
we o b t a i n  the  r e s u l t  

(Eq.  2 -13 ) .  

We now consider  t he  sum over 

For A 2 0  

A wi th  the  a i d  of E q .  3 - 1 7 :  

We t r u n c a t e  the sum a t  t h i s  p o i n t .  By expanding t h e  denominators i n  

power ser ies  w e  f i n d  t h a t  ( f o r  2 <  I ) 
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. 

We now change v a r i a b l e s  from T t o  p*  where 

Y --Y 
and e l i m i n a t e  E t o  o b t a i n  an expression i n  terms of E and 3 . 
Thus 

(4 -5 )  
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-* 
I n  terms of E , t he  i n t e g r a l  i n  E q .  2-13 becomes 

Thus, E q .  2-13 becomes 

(4-7) 

The s e r i e s  i n  t h e  above i n t e g r a l  i s  convergent only when 

z< I ( E q .  4 - 3 )  and the  l i m i t s  on t h e  i n t e g r a l  a r e  ze ro  and i n f i n i t y .  

The in tegrand ,  however, con ta ins  e Since E 5 )%s2 
t h i s  f a c t o r ,  for  l a r g e  va lues  of 

c o n t r i b u t i o n  o f  l a r g e  va lues  of t o  t he  i n t e g r a l ,  The r e s u l t  

2 < I and 

+ ., --Y 
as a f a c t o r ,  

A=, cons iderably  dampens the  

of  i n t e g r a t i n g  t h e  d ivergent  s e r i e s  i s  then  probably a n  asymptot ic  

s e r i e s .  Thus from the  above r e s u l t  i t  follows t h a t  

where 
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( 4 - 9 )  

and 

(4-10)  

L 
Y * If we 

Thus ,Q(k-&) is expressed as a power series in 

define 

then from Eq. 2-14 we find that 

Equation 2-18 thus becomes 

( 4 - 1 2 )  
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I f  w e  d e f i n e  

so 

1 numerical ly .  se depends We are  now i n  a p o s i t i o n  t o  eva lua te  7- 
upon t h e  q u a n t i t y  )( , which i n  t u r n  depends upon 1 and 

I n  t h e  c a l c u l a t i o n s ,  a va lue  f o r  

va lues  computed. The q u a n t i t y  

T o  

50 .,- i s  chosen and the  four  

i s  then  computed. I f  t h e  ser ies  i s  asymptot ic /aksolu te  t e  e r r o r  i n  5 
w i l l  be less than  t h e  l a s t  term r e t a i n e d  i n  t h e  series.  

@ f o r  n ine  values  of - 7- 
f o r  1 i s  

T 

Values J f  10 
a r e  given i n  Table 4-1. The c l a s s i c a l  l i m i t  

Therefore ,  the q u a n t i t y  -- '*' s i s  the  r e c i p r o c a l  of t h e  r a t i o  of t h e  + e  
r e l a x a t i o n  time t o  t h e  va lue  i n  the c l a s s i c a l  l i m i t .  A p l o t  o f -  A' - 7-5 

Y B  I A2 
a g a i n s t  S'L- f o r  -7' = 2, 1, ,5, .25, ,125, ,0625, and ,015625 i s  

given i n  F i g ,  1. 

(4-  14) 
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Table 4-1 

s .3582 

sy 3.803 

S b  46.06 

s* 545.9 

.125 

SL 1.814 

s, 5.820 

s 29.06 

s8 156 .1  

2 1 

8.386 8.446 

43.80 34.11 

293.4 194.5 

1976. 1158. 

.0625 .03125 

.9513 .4875 

2.959 1.491 

14 .61  7 .322 

77.95 38.94 

.5 .25 

5.605 3.314 

20.47 11.19 

109.3 57.20 

615.0 311.8 

.015625 

.2468 

.7478 

3.664 

19.46 
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We now t u r n  our a t t e n t i o n  t o  E q s .  2-26. I n  order  t o  compare t h i s  

wi th  Uehl ing ' s  r e s u l t '  on t h e  r i g i d  sphere w e  must cons ider  the  e f f e c t  

of Bose-Einstein s t a t i s t i c s .  

t h a t  f o r  Boltzmann s t a t i s t i c s  by summing only over even va lues  of A 
and mul t ip ly ing  by 2. 

Formally the  expansion i s  obtained from 

. 
Eq. 2-26 thus becomes, i n  the  Bose E i n s t e i n  case ,  

W e  now t ransform v a r i a b l e s  from t o  (Eq. 2-10). 

(4-17) 

I n  t h e  sum over A we t a k  only the term ., Eq. 3-7 g ives  

&.&?(qW;qB)and Eq. 3-17 a l lows 3-7 t o  be eva lua ted  i n  terms of 2 - 
The r e s u l t  i s  

1 Thus Eq. 4-17 becomes 

( 4 -  18) 

(4- 19) 
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The r a t i o  of polynomials i n  t h e  integrand i s  expanded i n  a power 

ser ies .  This g ives  

But 

so 

o r  

(4-21)  

( 4 - 2 2  j 

The f i r s t  term i n  t h i s  expansion ag rees  wi th  t h e  r e s u l t  obtained by 

Uehling. It can be pointed ou t  t h a t  i f  another  tern i n  t h e  sun  over 

)r , ( ), i s  considered and a s i m i l a r  procedure c a r r i e d  o u t ,  

t he  l a r g e s t  c o r r e c t i o n  t e r m  i s  of t he  order  of - I 
$ 8  

For Fermi-Dirac s t a t i s t i c s  w e  sum E q .  2 - 2 6  over odd va lues  of )t 

and m u l t i p l y  by 2. This  g ives  

. 
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I n  summing over )r we take only the  A = /  t e r m .  Again we use 

E q .  3-7 and E q .  3-17 t o  eva lua te  b a ( q  
w z -  %) 

E q .  4-24 becomes 

we expand t h e  r a t i o  of polynomials, 

J 
(4-26) 

and i n t e g r a t e  us ing  E q .  4-21 t o  find t h a t  

(4-27) 

I n  t h i s  case t h e  f i r s t  c o r r e c t i o n  t e r m  i s  of order  L 31% . 
I (Eq.  2-37), and cons ider  

’31 
We now t u r n  t o  the  eva lua t ion  of 

only t h e  case of Boltzmann s t a t i s t i c s .  

f i r s t  t e r m  (Eq.  2-29), w e  r e t a i n  only the  As0 and As/ terms 

i n  t h e  sum over A . From E q .  1 - 7  we ob ta in  

I n  the  eva lua t ion  of t h e  
? 
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This can be evaluated from Eq. 3-10 and 3-15 

Thus t h i s  term i n  Eq. 2-29 becomes, a f t e r  t ransforming the  i n t e g r a t i o n  

v a r i a b l e  t o  9 : 

We expand the  polynomial r a t i o  and ob ta in  

I n t e g r a t i n g  with the  a i d  of Eq. 4-21 g ives :  

I n  zi s i m i l a r  manner i t  i s  found t h a t  forA=l, Eq, 2-29 becomes 
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Jl Combining these l a s t  two equations g ives  t h e  f i r s t  t e r m  of 

through s i x t h  order  i n  
k 

1, 
3F 

We now t u r n  t o  the  second term i n  (Eq. 2-36). To e v a l u a t e  
?L - 

t h i s  w e  need an  expres s ion  fo r  r(xr  (Eq. 2-32) .  This r e q u i r e s  

expres s ions  fo r  
N 

I a ( A A  -9-G ,fA'/z), 1 . We t ake  each of t h e s e  i n  t u r n  and expand 

them i n  a power series i n  2 and sum over A a t  t h e  same t i m e .  

Care must be taken  a t  t h i s  po in t  t o  r e t a i n  a l l  terms of t h e  r equ i r ed  

- -cd - 9 - 6  Q & 

4k 
orde r .  For f (,fA//))we r e t a i n  p a r t s  of t h e  t e r m .  

I n  each case w e  use  Eqs. 3-7 through 3-16 t o  reduce t h e  above 

q u a n t i t i e s  t o  express ions  involv ing  Besse l  func t ions .  Then Eqs. 3-17 

through 3-19 a r e  used t o  reduce  the  Bessel func t ions  t o  r a t i o s  of 

polynomials which a re  then  expanded. The r e s u l t s  a r e  
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Before substituting these t h r e e  equat ions  i n t o  r ( x z e ]  3: , w e  change 
c 

t he  i n t e g r a t L m  vzriablf:  19 E q .  2-32 from f t o  2 , 

J ( 4 - 3 2 )  

We now s n b s t i t u t e  Eq, . .  4 - 2 3 ,  4-30 and 4-31 i n t o  Eq. 4-32.  W e  change 

the  v a r i a b l e  o f  i n t e g r a t i o n  from 2 t o  E where 
- --Y 

The resu1.t. i . s  

. 

where . 
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If w e  def ine  

then Eq. 2-33 becomes 

( 4 - 3 4 )  

( 4 - 3 5 )  

( 4 - 3 6 )  

and Eq. 2-36 becomes 

or 
b 

( 4 - 3 8 )  

where 
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R 
The Rh may be eva lua ted  numerical ly .  

( 4 - 3 9 )  



APPENDIX I 

C e r t a i n  combinations of Bessel  func t ions  appear q u i t e  f requent ly  

i n  e v a l u a t i n g  the  c r o s s  s e c t i o n  and i t s  moments. These a r e  l i s t e d  

below fo r  small values  of )I , 

c 
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